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Abstract. Let G be a finite group. The Bogomolov multiplier Bq(G) is con- 
structed as an obstruction to the rationality of *D(V) G where G — > GL(V) is a 
faithful representation over C We prove that, for any finite groups G\ and G2, 
B (Gi x C7 2 ) —t B (Gi) x B (G2) under the restriction map. If G = N x Go with 
gcd{|7V|, |G |} = 1, then B Q (G) ^ B (N) Go x B (G ) under the restriction map. 
For any integer re, we show that there are non-direct-product p-groups G\ and 
G2 such that Bq(Gi) and B${G2) contain subgroups isomorphic to (Z/p!Z) n and 
Tj/p n Ti respectively. On the other hand, if k is an infinite field and G = N x Go 
where TV" is an abelian normal subgroup of exponent e satisfying that Q e € k, we 
will prove that, if fe(Go) is retract fc-rational, then k(G) is also retract /c-rational 
provided that certain "local" conditions are satisfied; this result generalizes two 
previous results of Saltman and Jambor |Ja| . 



§1. Introduction 

Let k be a field, and L be a finitely generated field extension of k. L is called 
/c-rational (or rational over k) if L is purely transcendental over k, i.e. L is isomorphic 
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to some rational function field over k. L is called stably &;-rational if L(yi, . . . , y m ) is 
fc-rational for some yi, . . . ,y m which are algebraically independent over L. L is called 
fc-unirational if L is fc-isomorphic to a subfield of some fc-rational extension of k. It is 
easy to see that "fc-rational" =>- "stably fc-rational" =>■ "/c-unirational" . 

The Liiroth problem asks whether a fc-unirational field is necessarily /c-rational. 
See the paper of Manin and Tsfasman |MTj for a survey. A special case of the Liiroth 
problem is the following Noether's problem. Let k be any field, G be any finite group. 
Consider the regular representation G — > GL(V reg ) over k. Thus G acts on the rational 
function field k(V reg ) = k(x 9 : g G G) by /c-automorphism defined by h ■ x g = Xh g for 
any g,h G G. Denote by k{G) the fixed field, i.e. k(G) = k[x g : g G G) G . Noether's 
problem asks, under what situation, the field k(G) is /c-rational. See Swan's paper for 
a survey of Noether's problem [Sw3j . 

The Bogomolov multiplier, denoted by B (G) which will be defined in Definition 
11.31 is an obstruction to the rationality (resp. the stable rationality) of k{G) when k 
is an algebraically closed field satisfying that gcd{|G|, char k] = 1. Before we define 
Bq(G), let's recall the notion of retract rational which evolves from the notion of a 
unirational variety V such that the dominating map P n — - > V has a rational section. 

Definition 1.1 ( |Sa3l Definition 3.1]) Let k be an infinite field and L be a field 
containing k. L is called retract fc-rational, if there are some affine domain A over 
k and fc-algebra morphisms <p : A — > k[X\, . . . ,X n ][l//], ip : k[X\, . . . ,X n ][l/f] — > A 
where k[X±, . . . , X n ] is a polynomial ring over k, f G k[X ly . . . , X n ]\{0}, satisfying that 

(i) L is the quotient field of A, and 

(ii) -0 o ip = l Aj the identity map on A. 

It is not difficult to see that "stably fc-rational" =^ "retract /c-rational" =^ u k- 
unirational" . Moreover, if k is an infinite field, it is known that the following three 
conditions are equivalent: k(G) is retract fc-rational, there is a generic G-Galois exten- 
sion over k, there exists a generic G-polynomial over k [Sal[ ISa3t IDej . 

If k C K is an extension of fields, the notion of the unramified Brauer group of K 
over k, denoted by Br Vt k(K), was introduced by Saltman [Sa2] . If k is algebraically 
closed and K is retract fc-rational, then Br V! k{K) = (see |Sa2[ ISa4j ). Using this 
criterion, Saltman was able to construct, for any prime number p and any algebraically 
closed field k with char k ^ p, there is p-group G of order p 9 such that Br„ ^(k(G)) ^ 0. 
In particular, k(G) is not retract A;-rational and therefore is not fc-rational [Sa2j; also 
see the remark after Theorem 15.21 of this paper. 

The computation of Bi Vt k(k(G)) becomes more effective because of the following 
theorem. 

Theorem 1.2 (Bogomolov, Saltman [Bo} ISa5l Theorem 12]) LetG be a finite group, k 
be an algebraically closed field with gcd{|G|, char k} — 1. Let fi denote the multiplicative 
subgroup of all roots of unity in k. Then Bi v ^{k(G)) is isomorphic to the group Bq(G) 
defined by 

B (G) = f|Ker{res£ : H 2 (G,fi) H 2 {A^)} 

A 
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where A runs over all the bicyclic subgroups of G (a group A is called bicyclic if A is 
a cyclic group or a direct product of two cyclic groups) . 

Because of the above theorem, we define B (G) as follows. 

Definition 1.3 Let G be a finite group, Q/Z be the Z[G]-module with trivial en- 
actions. Define B (G) by 

B (G) = f|Ker{res£ : H 2 (G,Q/Z) -> H 2 (A, Q/Z)} 

A 

where A runs over all the bicyclic subgroups of G and res^ denotes the restriction map 
from G to A. 

The cohomology group H 2 (G, Q/Z) is called the Schur multiplier of G in some 
literature [Karj . Thus the group B (G), as a subgroup of H 2 (G, Q/Z), was called the 
Bogomolov multiplier of G by Kunyavskii |Ku] ; we follow his terminology in this paper. 

When N is a subgroup of G, the restriction map res : H 2 (G, Q/Z) -> H 2 (N, Q/Z) 
induces a well-defined map res : B Q (G) — > B (N). When AT < G, we also have a well- 
defined map res : B (G) —> B (N) G (see Lemma 1273"]) . We will prove the following two 
theorems. 

Theorem 1.4 Let Gi and G2 be any finite groups. Then the restriction map res : 
Bq{G\ x G 2 ) —> B (Gi) x B (G 2 ) is an isomorphism. 

Theorem 1.5 Let G = G\ x G 2 be a finite group with G\ < G. If gcd{|Gi|, \G 2 \} = 1, 
i/ien i/ie restriction map res : B$(G) — > Bq{G\) G2 x Bq(G 2 ) is an isomorphism. 

As an application of Theorem II .5[ we will show that, if G = N x Go is a Frobenius 
group, then res : B Q (G) — > B (N) G ° is an isomorphism (see Theorem \2.8\i . 

One may suspect that B (G) would be "small" if it is non-trivial (see the remark 
at the end of Section 5 of this paper). However, we will show that, if n is any positive 
integer, then there are non-direct-product p-groups Gi and G 2 such that B (Gi) and 
Bq(G 2 ) contain subgroups isomorphic to (Z/pZ) n and 7Ljp n 7L respectively (see Theorem 
15.21 and Theorem 15 .4[) . When n — 1 , the group constructed in Theorem 15.21 is the same 
one constructed by Saltman and Shafarevich [Sa2l page 83; Sh, page 245]. For this 
case, Saltman and Shafarevich show that the unramified Brauer groups are non-trivial; 
their proof are different from our direct proof by showing the non-triviality of Bq(G). 

The condition gcd{|Gi|, IG2I} = 1 of Theorem 11.51 is reminiscent of the following 
theorem of Saltman. 

Theorem 1.6 (Saltman |Salj Theorem 3.1 and Theorem 3.5; Kal, Theorem 3.5]) Let 
k be an infinite field, G = N x Go with N < G. 

(1) If k(G) is retract k-rational, so is k(Go). 

(2) Assume furthermore that N is abelian and gcd{\N\, \Gq\} = 1. If both k(N) 
and k(Go) are retract k-rational, so is k(G). 
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For the convenience of presenting Jambor's Theorem, we give the following defini- 
tion. 

Definition 1.7 Let G = N x Go be a finite group where N is an abelian normal 
subgroup of G. Write N = Y[ p \\n\^p "where each N p is the p-Sylow subgroup of N. 
Define H p = {g e G : grg^ 1 = r for any r G N p }. 

With the above definition, we may state Jambor's Theorem, which is in some sense 
a local refinement of Saltman's Theorem (see Theorem 11.61) . 

Theorem 1.8 (Jambor [JaJ) Let G = N x Go be a finite group where N is an abelian 
normal subgroup of G. Assume that, for each prime number p | \N\, p doesn't divide 
[Gq : H p ]. If k is an infinite field such that both k(N) and k(Go) are retract k-rational, 
then k{G) is also retract k-rational. 

What we will prove is that the condition that p \ [Gq : H p ] can be weakened if we 
assume that k has enough roots of unity. Namely, 

Theorem 1.9 Let G = Nx\ Gq be a finite group where N is an abelian normal subgroup 
of exponent e. Assume that, for each prime number p | \N\, either p \ [Gq : H p ] or 
all the Sylow subgroups of G /H p are cyclic groups. If k is an infinite field such that 
( e G k and k(Go) is retract k-rational, then k(G) is also retract k-rational. 

We remark that our proof of the above theorem, even for the case of Theorem 11.81 
is different from Jambor's proof. 

The paper is organized as follows. We prove Theorem 11.41 and Theorem 11.51 in 
Section 2. Note that Theorem 11.51 is valid in a more general context. See Theorem 12.61 
(also see Theorem 12. 7p . Section 3 contains some preliminaries for proving Theorem ll.91 
We recall the theory of flabby lattices in this section. Theorem 11.91 is proved in Section 
4. Section 5 contains two results which show that B (G) can be as big as possible. 

Acknowledgements. The subjects studied in this paper arose from discussions with 
Yuri G. Prokhorov during the conferences "Birational geometry and affine geometry" 
(April 23-27, 2012, Moscow) and "Essential dimensions and Cremona groups" (June 
11-15, 2012, Nankai University). I thank Prokhorov and the organizers of these two 
meetings, especially Ivan Cheltsov. 

Standing notations. In discussing retract rationality, we always assume that the 
ground field is infinite (see Definition II TJ . For emphasis, recall k(G) = k(x g : g G G) 
defined in the second paragraph of this section. 

We denote by ( n a primitive n-th root of unity in some extension field of the ground 
field k. When we write ( n G k or char k \ n, it is understood that either char k = or 
char k = p > with p\n. 

All the groups in this paper are finite groups. Both C n and TLjnTL denote the same 
cyclic group of order n; we use Z/nZ when it appears as some cohomology group. 
The exponent of a group G, exp(G), is defined as exp(G) = lcm{ord(g) : g G G}. If 



4 



G is a group, Z(G) and [G, G] denote the center and the commutator subgroup of G 
respectively. If g, h G G, then [g, h] := ghg~ l h~ l , and G ab denotes the quotient group 
G/[G, G). We denote by F p the finite field with p elements. 

A semidirect product group G is denoted by G = N x Go where N is a normal 
subgroup of G. If a <E N C G and g G G C G, we will write %" for gag" 1 . 



§2. Some properties of B (G) 

In this paper, if N is a subgroup of G and M is a Z[G]-module, we will write 
res : H q (G, M) H q (N, M) and cor : H q (N, M) # 9 (G, M) for the restriction map 
and the corestriction map of cohomology groups [Br] Chapter 3] . If a is a g-cocycle of G 
with coefficients in M, we denote by [a] the cohomology class of a, i.e. [a] G H q (G, M). 

Lemma 2.1 Let G be a finite group, M be a Wi[G]-module. If {Ni, N%, . . . , N t } is 
a collection of subgroups of G satisfying that gcd{[G : Ni] : 1 < i < t} — 1, then 
res : H q (G, M) -> 1 < i < t H q (N h M) is mjective. 

Proof. The proof is the same as that of the collection {Pj : 1 < j < s} where Pj 
is a pj-Sylow subgroup of G with |G| = p^p^ 1 ■ ■ -p e s s . We sketch the proof. Let a 
be a g-cocycle such that [a] G Ker(res). It follows that res^(a) is a coboundary for 
1 < i < t. Consider cor : H q (Ni, M) ->■ H q (G, M). We find that cor^. oresg*(a) is a 
coboundary. But cor^. ores^ is the multiplication by [G : Ni]. Apply the assumption 
that gcd{[G : N] : 1 < i < t} = 1. Done. ■ 

Definition 2.2 Let M be a Z[G]-module with trivial G-actions. For any q > 1, define 
S^(G?) = p|Ker{res^ : H q (G, M) -> i/ 9 (A,M)} 

where A runs over all the bicyclic subgroups of G. When M = Q/Z, B 2 M (G) is nothing 
but ^(G). 

Lemma 2.3 Let G fre a finite group, M be a Wi[G]-module with trivial G-actions. 

(1) Lei N be a subgroup of G. For any q > 1, the map res : H q (G, M) — y H q (N, M) 
induces a natural map res : B q M {G) — y B q M (N). 

(2) Let N be a normal subgroup of G. The action of G on H q (N, M) via the 
conjugation map of G on N induces a well-defined action on B q M (N). Moreover, the 
image of the map res : B q M {G) — y B q M (N) defined in (1) is contained in B q M (N) G . In 
particular, the map res : B q M {G) — y B q M (N) G is well-defined. 

Proof. (1) is obvious. We will prove (2). 

Let a be a g-cocycle representing [a] G B q M (N). 
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If g E G, the g-cocycle 9 a is defined as: %(ti, t 2 , . . . , r g ) = a(g^Tig, g^r 2 g, g~ l r q g) 
for any n, r 2 , . . . ,r q E N, because G acts trivially on M. It is easy to see that res^(%) 
is a coboundary for any bicyclic subgroup A of N (since [a] E B q M (N)). Thus B (N) 
is invariant under the action of G. 

We will show that Image{res : B q M (G) -> 5^(iV)} C B q M (N) G . 

Let a be a g-cocycle with [a] G B q M {G). Then [res^(a)] G B q M (N). We will show 
that 9 (res^(a)) is cohomologous to res^(a) for any g & G. 

For any n, . . . , r q G JV, 9 (res^(a))(r!, . . . , r ff ) = afc^ng , g~ l r 2 g , . . .,g~ l T q g). 

On the other hand, consider the action of G on H q (G, M) by the conjugation map. 
Since % is cohomologous to a [Sel page 116], it follows that there is a (q — l)-cochain 
/3 such that 9 a = a + d>(/3) where 5 is the differential map. Thus a(g~ 1 aig, g~ 1 a 2 g, ■ ■ ., 
g~ x o q g) = a((Xi, a 2 , ■ ■ ■ , °~ q ) + £(/3)( cr i, • • • > 0g) f° r an Y 0i> • • • 3 0g G G. Substitute cij 
by n G iV, we get a,{g~ x r x g, g~\g) = a(n, ...,r q )+ 5(P)(t u . . . , T q ). Hence the 
result. ■ 



Before proving Theorem ll.4[ we recall the definition of the exterior product GAG 
of a non-abelian group G. 

Definition 2.4 ([Mi, page 588; BL, page 316]) Let G be a group. The exterior product 
GAG is a group defined by GAG = (gAh : g,h G G) with relations gAg = 1, {g x g 2 )Ah = 
(^A^jfeAft), gA{h x h 2 ) = {g Ah^g A h ^h 2 ) for any g, h, g x , g 2 , h, h 2 G G where 
9 h := ghg~ l for any g,h E G. 

Theorem 2.5 (Miller [MH pages 592-593; BL, page 316]) Let G be a group, [G, G] its 
commutator subgroup. 

(1) Define a group homomorphism 7 : G A G — > [G, G] by j(g Ah) = ghg~ l h~ x G 
[G, G] /or any g,heG. Define M(G) = Ker( 7 ). Tnen M(G) ~ if 2 (G, Z). 

(2) IfG = GixG 2 , de/^ne$ : M(G X ) x M(G 2 ) x (Gi®G 2 ) -> M(G) by<$>{g x Ag 2 ) = 
g x Ag 2 E M(G) /or any gr 1( 5(2 G G i; $(/ii A /i 2 ) = h x Ah 2 E M(G) for any h x ,h 2 G G 2 , 
$(a <8> /i) = g Ah E M (G) /or any g E G x , h E G 2 where G x ® G 2 := (Gf ® z Gf ), tae 
ttsna/ tensor product of abelian groups. Then $ is a group isomorphism. 

Proof of Theorem \l-4\ 

Step 1. For a group G, the association of G to the exact sequence 1 — > M(G) — » 
G A G — > [G, G] —7- 1 is a functor, i.e. if G — >■ if is a group homomorphism, then there 
are group homomorphisms f x , f 2 , fs such that the following diagram commutes 

1 > M(G) > GAG > [G, G] > 1 



.fi 



12 
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Af(if) ► HAH ► [if, F] ► 1 



Step 2. Note that Hom(# 2 (G, Z), Q/Z) ~ # 2 (G, Q/Z) by the universal coefficient 
theorem [Br] page 8]. Since Hom(— , Q/Z) is an anti-equivalence on the category of 
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finitely generated abelian groups, it follows that B (G) ~ Hom(M(G)/M (G), Q/Z) 
where Mq{G) = (x A y E G A G : xy = yx). See |Bo[ page 471 and 475] also. 

Step 3. By Step 2, it suffices to show that M{G 1 )/M {G 1 ) x M(G 2 )/M (G 2 ) -> 
M{G)/Mq{G) is a group isomorphism. 

Apply Theorem 1231 Since $(d ® G 2 ) = G x A G 2 C M (G), it follows that the 
induced morphism M(G X ) x M(G 2 ) — > M{G) / [G x A G 2 ) is an isomorphism. This 
isomorphism sends M (Gi) and M (G 2 ) to M (G). This induces an epimorphism 
$* : M(G X )/M (G X ) x M(G 2 )/M (G 2 ) -> M(G)/M (G). 

Step 4. We claim that $* is injective. 

It suffices to show that Mq{G) is generated by G x A G 2 and the images of M (G X ), 
M {G 2 ). 

For any x,y £ G = G x x G 2 with = yx, write x = gig 2 , y = h x h 2 where 
g x ,h x G G x , g 2 ,h 2 G G 2 . Since all the ^, hj commute with each other. Apply the 
defining relations in Definition 12.41 It is easy to see that x Ay = x A (h x h 2 ) = (x A 
h x ){ h ^xA h % 2 ) = ((gig2)Ah 1 ))( hl (g 1 g 2 ) Ah 2 ) = ■■■ = (g 2 A h 1 )(g 1 A h x ){g 2 A h 2 ){g x A h 2 ). 
Note that g 2 A hi,gi A h 2 G G x A G 2 , g x A h x G Image{M (G'i) ->■ M (G)}, g 2 A h 2 G 
Image{M (G 2 ) M {G)}. Done. ■ 

For the proof of Theorem II .5[ note that Theorem 1 1.51 is a special case of the following 
theorem. 

Theorem 2.6 Let G = N x Go be a finite group, M be a %[G}-module with trivial 
G-actions. If 'gcd{|iV|, \Gq\} = 1, then the restriction map res : B q M (G) — > B q M (N) Go x 
B q M (Go) is an isomorphism where q > 1 and B q M {G) is the group defined in Definition 

\KM 

Proof. Step 1. By Lemma E31 the map res : B 9 M (G) B q M (N) Go x B q M (G ) is 
well-defined because B q M (N) G = B q M (N) Go . 

Write |JV| = n, \G \ = m. Then n ■ B q M (N) = m ■ B q M (G ) = 0. We will show 
that the corestriction map cor^ : H q (N, M) — > H q (G, M) induces a well-defined map 
cox :B q M {N) G °^B%{G). 

For any g-cocycle 7 such that [7] G B q M (N) G ° , we will show that [cor^(7)] G B q M (G), 
i.e. resg o cor^(7) is a coboundary for any bicyclic subgroup A of G. 

Write A = (x, y) C G. Define A x = (x m , y m ), A 2 = (x n , y n ). Then A = A x x A 2 and 
A x (resp. A 2 ) is an abelian group of exponent dividing n (resp. m). Since gcd{n, m} = 1 
and N < G, it follows that A x C N. 

By Lemma EIU the map res : H q (A, M) H g (A x , M) x H q (A 2 ,M) is injec- 
tive. To show that res^ocor^^) is a coboundary, it suffices to show that both 
res^ 1 o resg o cor^(7) and res^ 2 o res^ o cor^(7) are coboundaries. 

Note that res^ 2 o res^ o cor^(7) = res^ 2 o cor^(7) and [res^ 2 o cor^(7)] G H q (A 2 , M) 
is of order dividing \A 2 \. On the other hand, [7] G H q (N,M) is of order dividing \N\. 
Since gcd{|iV|, \A 2 \} = 1, we find [res^ 2 000^(7)] = 0. 



7 



Now res^ 1 o res^ o cor^(7) = res^ 1 o res^ o cor^(7) because A\ C N. By |Br[ page 
81], res£ o cor^(7) = J2 g&Go 9 7- Since W e H q (N, M) Go , we find that res£ o cor^(7) = 
my. Thus res^ 1 o res^ o cor^(7) = m ■ res^(7). Since 7 G B q M (N), it follows that 
res^ 1 (7) is a coboundary. Done. 

Step 2. Since gcd{n, m} = 1, we may write B q M {G) — B\ x B 2 where B\ = {[7] G 
B%{G) : n[y] = 0}, B 2 = {[7] G B q M (G) : m[ 7 ] = 0}. 

Consider the restriction map res : B q M (G) ->■ B q M (N) G ° x B q M (G Q ). Note that 
res(5i) C B q M (N) G ° , res(B 2 ) C B q m {Gq). Hence it remains to show that both res : 
£>i — > B q M (N) Go and res : i?2 — > B q M (Go) are isomorphisms. 

Step 3. Consider the map res : £>i — > B q M (N) G ° first. 
Note that the following diagram commutes 

B 1 ^ B q M (N) G ° 



h 



h 



H q (G, M) — -> iF(iV, M) 

resg 

reg JV 

where /1 and f 2 are inclusion maps. Since the composite map H q (G, M) — ^> H q (N, M) 

— ^> H q (G, M) is the multiplication by m map |Br| page 82], it follows that cor^ o res^ : 
B x -» H q (G, M) is injective. In particular, res^ : Bi -> H q (N, M) and res : S x -» 
B q M (N) Go are injective maps. 

By Step 1, the corestriction map cor : B q M (N) Go — > B q M {G) is well-defined. Since 
n ■ B q M (N) Go = 0, we find that cor : B q M (N) Go -)• £? x is also well-defined. Consider the 
commutative diagram 



h 



h 



H q (N, M) — -> H q (G, M) 



,.G 



The composite map H q (N, M) H q (G,M) H q (N 1 M) is the norm map 

by [EH page 81], i.e. res^ o cor^ ( [7] ) = E 9 eG N for ^ W G H q (N,M). Since 
p 7 ] = [7] for any [7] e B q M (N) G °, it follows that res^ocor^ : B q M (N) G ° -> B q M (N) G ° 
is the multiplication by m map. For any [7] G B q M (N) l °, find [7'] G B q M (N) Go such that 
[7] = m[y] = res o cor ([7']) = res(cor([7'])). Hence res : Si — > B q M (N) is surjective. 

Step 4. Consider the map res : £> 2 — ► B q M {G Q ). 

The injectivity of res : B2 — > B q AI (Go) follows also from the similar fact that the 

res G ° cor r 

composite map H q (G, M) — ^ H q (G ,M) h H q (G,M) is the multiplication by 

n map. The details are omitted. 
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For the surjectivity of res : B 2 — >■ B q M {Go), we will show that the inflation map 
infg o : H q (G ,M) H q (G,M) induces a well-defined map inf : B q M (G ) -> B q M (G); 
here we identify Go with G/N. 

Note that infg o : H q (G , M) ->■ H q (G,M) is defined as: for any g-cocycle 7 with 
[7] G H q (G , M), for any xi = g^/ii, x 2 = #2^2, . . ., x q = g q h q where g h g 2 , ■ ■ ■ , g q e N, 
hi, h 2 , . . . ,h g G G , the cocycle inf (7) is defined by inf (7)(xi, . . . , x 9 ) = 7(/ii, h 2 , . . . , h q ). 

Assume that inf : B q M {Go) — > B q M {G) is well-defined, whose proof will be given 
in Step 5. Then inf : B q M (Go) — > B 2 is also well-defined. Consider the following 
commutative diagram 

B 9 M (Go) — ► B 2 =!-> B q M {G Q ) 



fa 



4 



/3 



if *(G , M) —4 iP(G, M) -— > H q (G , M) 

wfg res^ 

where / 3 , / 4 are the inclusion maps. 

Since the composite of the bottom row is the identity map, so is that of the top 
row. Hence res : B 2 — > B q M {Go) is surjective. 

Step 5. It remains to show that infg o : H q (G , M) -»■ H q (G, M) induces a well- 
defined map inf : B q m {Gq) — > B q M {G). 

For any bicyclic subgroup A of G, for any [7] G B q M (Go), we will show that 



res 



oinfg ([ 7 ]) = 0. 



G 



Write A = (x,y), Ai = (x m ,y m } } A 2 = (x n ,y n ). Applying Lemma [27T1 as in Step 

: cG A 1 
1111 s~i res 

1, we will show that the images of [7] in if 9 (G , M) H q (G, M) — ^ H q (A u M) 

\ n f G A 2 
uup res,-, 

and H q (G , M) % H q (G, M) — ^> H q (A 2 , M) are zero. 

Since m ■ H q (G ,M) = = n ■ H q (A u M), the composite map H q (G ,M) -> 
H q (G, M) — > H q (Ai, M) is the zero map. This solves the case of A\. 

For the case of H q (A 2 , M), it requires some work. Recall A = (x,y) is bicyclic. 
Write x = gihi, y = g 2 h 2 where gi,g 2 G N, hi,h 2 G G . It is routine to verify that 
x n = Xxh±, y n = y\h 2 for some Xi,yi G N, which are irrelevant in our subsequent 
proof. Similarly, for any non-negative integers a, b, we find (x n ) a (y n ) b = uh'i a h 2 b for 
some u G N. 

Now consider res^ 2 o inf § (7). For any (x n ) ai (y n ) bl , . . . , ( x n ) aq (y n ) bq e A 2 = (x n , y n ) 
where a«, 6j are any non-negative integers, we find 

(res£ 2 o infg o ( 7 )) {{x n )^{y n ) b \ . . . , {x n )^{y n ) b ") 

= 1 (h^hf\...,h n l aq hf q ) 

= res^{ 1 ){hT'ht\...X aq hf q ) 

where A = (h™,h%) C G Q . 

Since 7 G B q M (Go), we find that res^.°(7) is a coboundary. ■ 



Remark. Tahara studies the Schur multiplier M(G) of a finite group G = N x Go 
|Ta| IKart page 33]. In case gcd{|iV|, |G |} = 1 ; Tahara's formula becomes M(G) ~ 
M(N) Go x M(Gq), which resembles the formula in Theorem 12.61 Such a formula is 
valid for H q (G, M) with q > 1; this fact was observed by Karpilovsky for q = 2 |Kar| 
page 35]. We record it as follows. 

Theorem 2.7 Let G = N x Go be a finite group, M be a %[G]-module with triv- 
ial G-actions. If gcd{| N\, |G |} = 1, then the restriction map res : H q (G,M) — > 
H q (N, M) Go x H q (G ,M) is an isomorphism for all q > 1. 

Proof. This result is implicit in the proof of Theorem 12.61 The details of the proof 
are omitted. 

An alternative proof is to use the Hochschild-Serre spectral sequence Ef' 9 = H P {G$, 
H q (N, M)) H n (G, M). Since gcd{|iV|, \G \} = 1, it follows that E p 2 ' q = (if p > 1 
and q > 1) and -E^' 1 — > E^ is the zero map. It follows that E 2 q = E^' q = ■ ■ ■ = E™. 
Hence we get a short exact sequence — > E^° — > H n (G, M) — > E^ 1 — > 0, which splits 
because gcd{|iV|, |G |} = 1. Note that E^° = H n (G ,M N ) = H n (G ,M) because 
G acts trivially on M. The map E%° = H n (G ,M N ) ->• H n (G, M) is the inflation 
map. ■ 

Remark. Let G = N x Gq. Assume that N is a perfect group (but without assum- 
ing gcd{|JV|,|G? |} = 1), Kunyavskii proves that M{G) ->• M(N) Go x M(G ) is an 
isomorphism |Ku| page 212]. 



We give an application of Theorem 11.51 (or Theorem 12 .6 j) to Frobenius groups. 
Recall that a Frobenius group G is a semi direct product G = N x Go satisfying that, 
if cr e iV\{l} and g G G \{1}, then gag' 1 ^ a. In particular, gcd{|iV|, |G |} = 1. 
The subgroup iV is called the Frobenius kernel of G, the subgroup Go is a Frobenius 
complement of G (see, for example, [TsJ pages 181-182; Ka2]). 

Theorem 2.8 Let G = N x Go be a finite Frobenius group with kernel N and comple- 
ment Go- Then the restriction map res : Bo(G) — > Bo(N) Go is an isomorphism. 

Proof. A Frobenius complement is a GZ-group by |Ka2} Theorem 1.4, Definition 
1.5]. The classification of such GZ-groups are given in |Ka2} Theorem 2.7, Theorem 
2.8, Theorem 2.9]. Applying \K&2\ Theorem 4.7, Theorem 4.10, Theorem 4.11], we 
find that C(Go) is retract C-rational. In particular, B (Go) = 0. Now apply Theorem 

o ■ 



§3. The lattice method 

In this section we recall several preliminaries which will be used in the proof of 
Theorem 11.91 
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Theorem 3.1 QHK2J Theorem 1]) Let L be any field and G be a finite group acting 
on L(xi, . . . , x m ), the rational function field of m variables over the field L. Suppose 
that 

(i) for any a G G, er(L) C L, 

(ii) the restriction of the action of G to L is faithful; 

(iii) for any a G G, 







(xA 






= A{a) 




+ B(a) 






\Xm J 





where A(a) G GL m (L) and B(a) is an m x 1 matrix over L. 

Then there is a matrix (cxij)i<i,j<m £ GL m (L) and G L for 1 < % < m such that, 
by defining 

Zi := 2j a ij x j + A for 1 < i < m, 

l<j<m 

we have L(x±, . . . ,x m ) = L(z±, . . . , z m ) and a(zi) = Zj for all a G G, for all 1 < i < m. 

Moreover, if B(a) = for all o G G, then we may choose f3i = j3 2 = ■ ■ ■ = (3 m = 
in the above definition of z%, . . . , z m . 

Theorem 3.2 (Saltman |Sa3j. Proposition 3.6; Kal, Lemma 3.4]) Let k C L be infinite 
fields, L( ) be the rational function field of m variables over L. Then L is 

retract k-rational if and only if so is L(x\, . . . , x m ). 

Definition 3.3 Let G be a finite group. A finitely generated Z[G]-module M is called 
a G-lattice if it is a free abelian group when the G-action is forgotten. A G-lattice 
M is called a permutation lattice if it can be written as M = © 1< j <n Z • such 
that, for all a G G and for all 1 < i < n, a ■ = ej (where j depends on a and i). 
A G-lattice M is called an invertible lattice if there is some G-lattice M' such that 
M © M' is a permutation lattice. A G-lattice M is called a flabby lattice (or, a flasque 
lattice) if H~ 1 {H, M) = for all subgroups H of G (note that H~ 1 (G, M) is the Tate 
cohomology). In the category of flabby G-lattices, we introduce a similarity relation: 
Two G-lattices M\ and M2 are similar if and only if Mi (BP — M2 © Q for some 
permutation lattices P and Q. The equivalence class containing M is denoted by [M\. 

The theory of flabby lattices was developed by Swan, Endo and Miyata, Voskresen- 
skii, Lenstra, Colliot-Thelene and Sansuc, etc. The reader can find an account of this 
theory in [Sw3l iLo] . Also see |Sw2[ IL"e] . 

Definition 3.4 It is known that, for any G-lattice M, there is an exact sequence of 
Z[G]-modules 0— > M — > P — > E — > where P is a permutation lattice and E is 
a flabby lattice [Sw3l Lemma 8.5]. We define [M] fl = [E\. Note that [M} fl is well- 
defined. For, if — > M — > Q — > F — > is another resolution where Q is permutation 
and F is flabby, then P © F ~ Q © E jSw3l Lemma 8.7]. Thus [E] = [F]. 
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In particular, \My l = if and only if there is a exact sequence of G-lattices — > 
M — > P — > Q — y where P and Q are permutation lattices. In case [My 1 = [E] for 
some invertible lattice E, we will say that [M]f l is invertible by abusing the notation. 

Note that [M]f l is denoted by p(M) in [Sw3l page 33]. We adopt the notation of 
Lorenz |Lo[ page 38]. 

Definition 3.5 Let G be a finite group, M be a G-lattice with M = © 1<i<n Z-e^, and 
K be a field. We define K(M) = K(x±, . . . , x n ) the rational function field of n variables 
over K where n = rank s M. Suppose that G has an action on K with K G = k (it is 
permissible that G acts faithfully on K or G acts trivially on K). We define a G-action 
on the field K(M) by cr(xj) = Yli<i<n x T J ^ ° ' e j = Si<i<n a «i e « m the action of 
G on the base field K is the prescribed G-action on K. The fixed field of K(M) under 
this G-action is denoted by K(M) G . 

In other words, if G acts trivially on K, i.e. k = K, the G-action on K(M) = 
k(x\, . . . , x n ) is called a purely monomial action of G in |HK1] . If G acts faithfully on 
K, i.e. G ~ Gal(iT/A;), then K(M) G is the function field of an algebraic torus over k, 
split by K with character module M [Vo]. In general, the action of G on K(M) is 
called a purely quasi-monomial action in |HKKt Definition 1.1]. 

Theorem 3.6 Let K/k be a finite Galois extension of fields, G = Gal(K/k), and M 
be a G-lattice. 

(1) (Lenstra |Le[ page 304]) K(M) G is stably k-rational if and only if [M]* 1 = 0. 

(2) (Saltman |Sa3t page 189]) K(M) G is retract k-rational if and only [My 1 is invert- 
ible. 

Theorem 3.7 (Kang |Kall Theorem 5.4]) Let G be a finite group, M be a faithful 
G-lattice, i.e. for any a £ G\{1} a ■ v ^ v for some v £ M. Let G act on k(M) 
by k- automorphisms. Then k(G) is retract k-rational if and only if so is k(M) G for 
any faithful G-lattice M (resp. for some faithful G-lattice M) satisfying that [My 1 is 
invertible. 

Theorem 3.8 Let G be a finite group such that all the Sylow subgroups of G are cyclic. 
Let M be a G-lattice. Then [My 1 is invertible. Moreover, if k is an infinite field with 
( e £ k where e = exp(G), then both k(G) and k(M) are retract k-rational. 

Proof. [M]^ 1 is invertible by Endo-Miyata's Theorem [EA4] Theorem 1.5; Sw2, The- 
orem 3.4; Kal, Theorem 3.5]. 

By [0 Theorem 5.16, page 160], both [G, G] and G/[G, G] are cyclic groups. By 
[Kail Theorem 5.10], k(G) is retract fc-rational. 

It remains to show that k(M) G is also retract fc-rational. Define H = {r £ G : 
t ■ v = v for any v £ M}. Then M is a faithful G/i7- lattice. 

It is clear that all Sylow subgroups of G/H are cyclic. Hence k(G/H) is retract 
A>rational by the above arguments. Regard M as a faithful G/_£T- lattice. Then [M]* 1 is 
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invertible by Endo-Miyata's Theorem again. Thus we may apply Theorem 13. 71 to show 
that k(M) G / H is retract fc-rational. But k(M) G = {k(M) H } G ' H = k(M) G ' H . ■ 



Theorem 3.9 Let G be a finite group, — > M — > F — > B — > be an exact sequence 
of 1i[G]-modules such that F is a finitely generated projective l E[G]-module. Suppose 
that, for some positive integer e, e ■ B = 0. // gcd{|G|, e} = 1, then M is a projective 
r L[G\-module. 

Proof. This theorem is essentially a restatement of a result of Swan [Swlj Proposi- 
tion 7.1]. 

Write n = \G\. Find integers s and t such that sn + te = 1. 

Define a map <fi : B — > B by 0(6) = s ■ b for any b G B. Note that is a 
homomorphism of abelian groups, it is not a Z[G]-morphism. 

For any a G G, define a <p : B 5 by ff 0(6) := tr^o-- 1 ■ 6)). Note that a <p(b) = 
o-^io-- 1 ■ b)) = a(s ■ (a' 1 ■ b)) = s ■ b. Hence (£ ct6G ff 0)(6) = ns ■ b = (1 - te) ■ b = b. 

Thus the Z[G]-module B is weakly projective in the sense of |CEt Proposition 1.1, 
page 233]. Hence it is cohomologically trivial by |CEt Proposition 2.2, page 236]. 
Applying [Pul Theorem 4.12], we find that B has homological dimension < 1. But 
0— > M — > F — > B — 7-0 is a resolution of B. Thus M is a projective module. ■ 



14. Proof of Theorem 1.9 



The following theorem is a special case of Theorem 11.61 We include it here for 
two reasons. First, Saltman proves Theorem 11.61 by constructing a generic Galois G- 
extension while our proof of Theorem 14.11 is a direct proof showing k(G) is retract 
/c-rational. Second, Saltman's Theorem is the prototype of Jambor's Theorem. A good 
understanding of (a variant of) Saltman's Theorem, i.e. Theorem 14.11 is helpful to 
clarify the main idea of the proof of Theorem 11.91 

Theorem 4.1 Let G = Nx\ Gq be a finite group where N is an abelian normal subgroup 
of exponent e. Let k be an infinite field with ( e G k. If gcd{|iV|, |Go|} = 1 an d k(Go) 
is retract k-rational, then k(G) is also retract k-rational. 

Proof. Step 1. Recall that k(G) = k(x(g') : g' G G) G . We will work on the fc-vector 
space X = 9 / gG k ■ x(g') with a left G-action defined by h' ■ x(g') = x(h'g') for any 
g',h'eG. 

There is also a right G-action on X defined by x(g') ■ h! = x(g'h') for any g', h! G G. 
Note that, if g u g 2 , g 3 G G, then {g x -x (g 2 ) ) -g 3 = 9r {x(g 2 ) ■ 9s) • Thus the group algebra 
A := {Y^i a i " 9i '■ a i £ k, g\ G G} acts on X from the left and from the right. The 
reason to introduce the right action of G on X is that it facilitate to write elements of 
A in a succinct way in the sequel. 
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Step 2. Consider the A;- vector subspace Y = ® TeiV k ■ x(r). The group N acts on 
Y and this group action can be diagonalized simultaneously because iV is abelian of 
exponent e and ( e G k. 

Explicitly, define N* = Hom z (A r , {( e )) which is a Z[Go]-module defined as: for any 
g G G , any x £ N*, 9 x G iV* and the character 9 x is defined by 9 xij) '■= x{9~ lr 9) 
for any r G N. Now, for any x G AT*, define = J2 T eN xi 7 ' 1 ) ' ^l 7 ") £ Y • Clearly 

°(w(x)) = x(°) ■ w(x) for all a G N. Thus F = xgiV * fc • tu(x). 

It follows that X = x • (u?(x) • (?) where x runs all characters in AT* and g runs 
all elements in G . Thus k(x(g') : g' e G) = k(w(x) ■ g : X G A?"*,# G G ). 

Note that a • (w(x) • fl 1 ) = • ( w (x) ' fl 1 ) f° r an y cr G A^, any (7 G Go- Also note 
that w(x) ■ g = EreJV x{T~ l )x{rg) = J2 T eN xC 7 " -1 ) 2 ^ ■ g~ l rg) = g ■ w{ 9 ~\). 

Step 3. Define P := xg Z ■ (w(x) • g) where x ^ N * and g G G . It follows that 

P = © Z • (w(x) ■ g) = © x , 9 Z • (<? ■ = ©^, g Z • (<? • where g & Go and 

X G AT* (resp. ^ G N*). 

For any /i G Go, define h - (g- w(ip)) = hg ■ w(ip). Thus P becomes a Go-lattice. For 
a fixed ^ G AT*, the Z[G ]-module © sgGo Z • (g • w(if))) is isomorphic to Z[G ]. Hence 
P is a free Z[Go]-module of rank equal to |AT|. 

Define a map $ : P — )■ AT* by $(w(x) • fiO = X- Note that, for any h G Go, 
(w(x) • g)) = ^K^^x) = h X — h-^(w(x) -g)- It follows that $ is a morphism 
of Z[G ]-modules. 

Define M = Ker($). Then we have an exact sequence of Z[Go]-modules — > M — > 
P ->■ N* -> 0. 

Step 4. Since fc(P) = k(w(x)-9 '-X^ N*,g e G ) and tr- (tu(x) -g) = x(°) ■ (w(x) -g) 
for any a G N, it is easy to see that M is the set of all "monomials" (in the variables 
w (x) ' 9) which are left fixed by the action of N. We conclude that k(M) = k(P) N = 
k(x(g') : g' G G) N . It follows that k(M) G ° = {k(P) N } G ° = k(G) 

The above deduction that k{M) G ° = k(G) was generalized by Saltman in Theorem 
14.21 It is useful in other rationality problems. 

Step 5. Since gcd{ | AT| , |Go|} = 1 and P is a free Z[Go]-module by Step 3, we may 
apply Theorem 13.91 to the sequence — > M — > P — > N* — > 0. Thus M is a projective 
Z[Go]-module also. Hence it is an invertible Go- lattice; in particular, [M]" is invertible. 

Since k(Go) is retract fc-rational by assumption, we may apply Theorem 13.71 to 
k(M) Go . It follows that k(M) G ° = k(G) is retract fc-rational. ■ 

We record the theorem of Saltman mentioned in Step 4 of the above proof. 

Theorem 4.2 ( [Sa41 Theorem 3.1; Be, Lemma 2.7]) Let G = N x Go where N is an 
abelian normal subgroup of exponent e. Define N* = Hom a (A^, Z/eZ) and regard N* as 
a 1i[G ]-module where G acts onTLjeTL trivially. Suppose that — > M — > P —¥ N* — > 
is an exact sequence of 1i[Go}-modules such that P is a permutation Go-lattice and M 
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is a faithful Go-lattice. If k is an infinite field with ( e E k and G acts on k(M) by 
k- automorphisms, then k(M) Go is stably isomorphic to k(G) over k. 

Proof of Theorem II. ,91 

Step 1. As in Step 1 of the proof of Theorem I4.1[ define a k- vector space X = 
($) g , eG k ■ x(g') with a left G-action. It follows that k(G) = k(x(g')) : g E G) G . 
Moreover, define a right action of G on X by x(g') ■ h! = x(g'h') for any g', hi E G. 
Thus the group algebra A := {J2i a i ' 9i '■ a i e ^i9i e ac ^ s on X from the left and 
from the right. 

Similarly, for any prime number p | \N\, define a fc-vector space X p = ® g , eG k-x p (g') 
with a left G-action and a right G-action. 

Choose any prime number p\ with pi \ \N\. Embed X into ® p \\ N \X p by sending 
x(g') to x pi (g r ) for any g' E G. 

Apply Theorem 13.11 We find that k(x p (g r ) : g' G G,p | |iV|) G is rational over 
k(x(g') : g' G G) G = k(G). By Theorem E£3 k{x p (g') : g' G G,p | |iV|) G is retract 
/c-rational if and only if so is k(G). It suffices to show that k(x p (g') : g' G G,p | |iV|) G 
is retract fc-rational. 

Step 2. Consider the representation Go —> GL(W reg ) where W reg is the regular 
representation space of Go- Consider the composite map G — > Go — > GL(W Teg ). Thus 
we get a k- vector space X Q = © ffeGo k ■ x (g) with a left G-action defined by r ■ x (g) = 
x (g), h ■ x (g) = x (hg) for any g, h G G , any r E N. 

Consider k(x p (g'),x (g) : g' E G,g E G ,p \ \N\). Apply Theorem 13.11 again. We 
find that k(x p (g'),Xo(g) : g' G G,g G Go,p | |Af|) G is rational over k(x p (g') : g' G 
G,p | |iV|) G . By Theorem E21 k{x p {g') , x (g) : G G,# G G ,p | |iV|) G is retract 
&;-rational if and only if so is k(x p (g') : g' G G,p | |iV|) G . It remains to show that 
k(x p (g'),x Q (g) : g' E G,g E G ,p \ \N\) G is retract fc-rational. 

Define if = k(x (g) : # e G ). Then K(x p (g') : g' E G,p\ \N\) = k(x p (g'),x (g) : 
g' E G,g E G ,p \ \N\). We will show that K(x p (g') : g' E G,p \ \N\) G is retract 
rational over if G ~ k(Go). 

Assuming this, we find that K(x p (g') : g' E G,p | |iV|) G is retract fc-rational by 
\Ka.l\ Theorem 4.2] because k(Go) is retract fc-rational by assumption. This finishes 
the proof that k(G) is retract /c-rational. 

In summary, our purpose is to show that K(x p (g') : g' E G,p | |iV|) G is retract 
rational over K G where K = k(xo(g) '■ g E Go). 

Step 3. Recall the notations in Definition 11.71 where N = n.d|jvi ^p an< ^ Hp = 
{g E Go : grg^ 1 = t for any r G N p }. Define N' to be the subgroup of iV generated 
by Sylow subgroups of iV other than N p . As before, define N* = Hom s (iV, (( e )) and 
N* = Hom z (A^, {( e )) with the natural structures of 2£[Go]-modules. 

We may write iV* = ® p \\n\N* in the sense that, for any x £ N* and any a E N p , 
we require that x(<r) = 1. 
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For any prime number p | \N\, define a subspace Y p of X p by defining Y p : = 
© re 7V ^ ' v( T ) with y(r) defined as y{r) := X]o- x p( r<T ) where cr runs over elements in 



Note that X © {& p \\n\ X p is a faithful G-subspace (from the left) of X © ©piijvi X p . 
Apply Theorem O We find that K(x p {g') : c/ G G,p | |N|) G = K{y{r) ■ g : t e N p , 
g G G , p | |iV|) . . . , u t ) for some variables Ui, . . . , u t with g'{ui) = U{ for all g' G G, 
for all 1 < i < t. By Theorem I3.2[ K(x p (g') : g' £ G,p\ |iV|) G is retract rational over 
K G if and only if so is K(y(r) ■ g : r G N p , g G G , p \ \N\) G over A G . 

In conclusion, our goal is to prove that K(y(r) ■ g : r G N p , g G G , p \ \N\) G is 
retract rational over K G . 

Step 4. In Step 4 - Step 6, p denotes a prime divisor of |iV|, which is fixed in the 
discussion. 

For any x G A*, define u>(x) = ^tgtVj, x( r X ) ' yij) £ ^p- It is n °t difficult to show 
that r ■ w(x) = x( r ) " w (x) an d °" ' w (x) = w (x) f° r an J T e -A p , for all cr G iV p . 

On the other hand, write if p = {gi, . . . , g s } with s = \H P \. The group ifp acts 
naturally on K(x p (gi) : 1 < % < s) and the restriction of this action to K is faithful. 
By Theorem 13. 1[ there is a matrix A := (a^) G GL S (K) such that K(x p (gi) : 1 < i < 
s) = A(ttj : 1 < i < s) where Wj = ^ 1<!<s • x p {g{) and g ■ Ui = Ui for all g G if p , for 
all 1 < % < s. 

For 1 < i < s and x e iV p , define «;(x) := Ei<k s ««• (Mx) e ® T , S ^" (v( T ) 'SO- 
Note that «j(x) G K® k X p ; in fact, ® i>x K-Ui(x) = ®i, T K '(.y( T )'9i) where 1 < i < s, 
X G N* and r G N p . 

Since A acts trivially on K, it is easy to verify that, if r G N p , a G A' and x £ -A*, 
then r ■ m(x) = x(t) ' cr • u^x) = u^x). 

In the next step, we will show that, if g G H p , x £ A^ an d 1 < i < s, then 
5, . = Ui (x)- 

Step 5. First we note that, if r G N p and g G Go, then y{r) ■ g = g ■ y{g~ 1 rg)] 
similarly, if x -A* and 1 < I < s, then tc(x) ■ 9i — gi ■ w(x) because each gi G 

If g G .Hp, x £ A* an d 1 < * < s, then we have 





KKs 




KKs 



£ 9(<*«) ■ ((9 ■ 9i) ■ X^ 1 ) ■ V(r)) 
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1<1<S T,<7 



where r G N p , a G A^. 

The right-hand-side of the above identity becomes 

Y 9M ■ (x p (g -gi)-^2 X(r' r ) ■ to) 

1<1<S T.cr 

= ( Y 9(<*u) ■ x v(g ■ 91)) ■ Y x( r_1 ) ' ra 

1<1<S T,cr 

where the right factor is an element in the group algebra A := {X]j a « ' 9i '■ o>i € k, 
g\ G G} (thus we write the term as ra, not as x p (ra)). 

Continue the computation of the right-hand-side of the above identity. We get 

g(ui) ■ CYx{r~ l ) -ra) 

T,(7 

= Ui- (Yx(r- 1 ) - ra). 

T,cr 

Note that the right-hand-side is independent of the element g G H p . We conclude 
that g • Ui(x) = Ui(x) f° r an 9 e H p . 

Step 6. Write Go — Ui<j<t hjH p where |Go| = t ■ \H P \ = st. Note that s and t 
depend on the prime factor p; for simplicity, we will use the notation s and t instead 
of s(p) and t(p). 

Define u ir \x) = ^(^(x)) for 1 < » < s , 1 < 3 < *, X e N;. 

Clearly ®ij X K • u ij(x) is the induced representation space of @ ix K ■ Ui(x) = 
0^ T K • (y(r) • gi) in K<g>X p . Counting the dimensions, we find that {^ (x) : 1 < « < s, 
l<j<t,Xe N*} is a basis of AT®X P . Thus AT(y(r) -5 : r G N p , g G G ) = K(uij(x) ■ 

l<i<s,l<j<t, x eN;). 

It is not difficult to check the action of G on It is given as follows: For 

any /i G Go, if h • hj = hy ■ g for some 1 < f < t, some 5 G if p , then /i • Uij(x) = 
h(hj{ui{x)) = (hy ■ g)(ui(x)) = u ir {x). 

Step 7. Define a Go-lattice F := ® i ■ Z ■ Uij(x) where 1 < i < s, 1 < j < t, 
X G N* and p \ \N\. For each p \ \N\, define F p := ijx ^ • ^ij(x) where 1 < i < s, 
1 < j < t and x e A";. Thus F = © p ||jv|F p . 

By the last remark of Step 6, F p , F are permutation Go-lattices. Moreover, K(P) = 
K( Uij ( X ) : 1 < % < s, 1 < j < t, X e P I 1^1) = ■ g t e N p , g G G , 

p| I AT|). 

The action of A" on Uij(x) is given as follows. If r G A~ p and x G Af*, then 

T • = r • OjMx))) = • ^J^OMx)) 

= xihj'rh^h, ■ ( Ui ( X ))) = pxH?) ■ Uij ( X ). 
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Similarly, if a G N' p and x N*, then cr(v,ij(x)) = u ij(x)- 

Step 8. The remaining proof is similar to Step 3 - Step 5 of the proof of Theorem 
HZD Define a map $ : F ->■ iV* by = if X ^ N*. Define M = Ker(<3>). 

Let $ p be the restriction of $ to A"*, i.e. $ p : F p ->■ AT* c AT* with = h] X 

(remember the isomorphism N* = © P ||7v|A"* in Step 3). Define M p = Ker($ p ). Clearly 
$ is a morphism of Z[Go]-modules. 

Since H p acts trivially on F p by Step 6 and H p also acts trivially on N p , the exact 
sequence of Z[Go]-modules —> M p — > F p — > N* — > can be regarded as an exact 
sequence of Z[Go/-ffp]-modules. 

Now use the assumption that either p \ [G : H p ] or all the Sylow subgroups of 
G /H p are cyclic. We find that M p is a projective module over 1i[G /H p ] (when we 
apply Theorem 13. 9p or [M P Y l is an invertible lattice over 1i[G /H p ] (when we apply 
Theorem 13. 8p . In either case, [M p ]^ is an invertible Go/Hp-lattice. Thus it is an 
invertible Go-lattice. 

Step 9. Remember that A^ acts trivially on K. Thus K(F) N = K(M) by the same 
arguments as in Step 4 of the proof of Theorem 14.11 

Since <&(F P ) C N* and A^* = ® p \\n\N* is a direct product, it follows that M = 
®p\\n\ M P - 

On the other hand, all these M p satisfy the condition that [M p ]" is an invertible 
Go-lattice. Hence [My 1 is also an invertible Go-lattice. 

Note that Go acts faithfully on K. Applying Theorem 13. 6[ we find that K(M) Go is 
retract rational over K Go ~ k(G ). Because K(M) Go = K(y(r) ■ g : g 6 G , r G N p , 
p | |A^|) G , we reach the goal stated at the end of Step 3. ■ 

Here is an application of Theorem 11.91 

Theorem 4.3 Let G = N x Go be a finite group where N is an abelian normal subgroup 
and all the Sylow subgroups of Go are cyclic groups. If k is an infinite field with ( e G k 
where e = lcm{exp(A^), exp(Go)}, then k(G) is retract k-rational. 

Proof. By Theorem 13.81 k(Go) is retract fc-rational. Apply Theorem 11.91 ■ 

Remark. Barge shows that, if A^ is abelian and Go is bicyclic, then B (N x Go) = 
|Ba[ Theorem 3]. We don't know, in the same situation, whether C(G) is retract C- 
rational. However, if Go has a p-Sylow subgroup which is not bicyclic, then there is a 
group G = N xi G such that A^ is abelian and C(G) is not retract rational. See |Sa4| 
page 234; Sa5, page 543]; also see the proof of Theorem 2.6 of |Baj . 



5. Bq(G) can be very big 

First we recall a construction of Schur covering groups of abelian p-groups. 
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Theorem 5.1 ([Karl page 90]) Let p be a prime number, n\ > n 2 > ■ ■ ■ > n t > 1. 

Define an abelian p-group V := C v ^ x C p n 2 x ••• x C p n t . A Schur covering group 
G of r may 6e defined as G = (ci, . . . , a 4 ) mf/i Z(G) = [G, G] and ura'£/j relations 
<A = o% = • • • = of 1 = 1, fa, o,f 3 = 1 /or 1 < i < j < t. 

Theorem 5.2 Let p be any prime number, n > 1 6e a positive integer. Let G = [a\, 
. . ., <T n +3) be the Schur covering group of the elementary abelian group V of order p n+3 
defined in Theorem \5.1[ Define a subgroup H of order p n in G by H = ([oi, 02H03, 04], 
[0-1,0-3] [0-4, 0-5], [0-1,0-4] [0-5, o 6 ], [oi,o n+ i][o n+2 ,o n+3 ]). Define G = G/H. Then 
Bq(G) contains a subgroup isomorphic to (Z/pZ) n . 

Proof. The proof is similar to that of Theorem 2.3 in [H KKuj . 

Step 1. Let Z(G) be the center of G. Define N = Z(G)/H. N is an elementary 
abelian group of order p\ 2 )~ n . Consider the Hochschild-Serre 5-term exact sequence, 

-»■ H\G/N, Q/Z) H\G, Q/Z) -»■ ^(N, Q/Z) G 
^ H 2 {G/N, Q/Z) -4 # 2 (G, Q/Z) 

where ?/>' is the transgression map and •?/> is the inflation map. 

We claim that the image of ip : H 2 (G/N, Q/Z) — >■ H 2 (G, (Q/Z) is isomorphic to an 
elementary abelian group of order p ra . 

Since G/N ~ Cp +3 , it follows that H 2 (G/N, Q/Z) is the elementary abelian group 
of order p\ 2 ) by |Kar| page 37]. 

Since iV ~ Cp ' , Ll x {N , (Q/Z) is the elementary abelian group of order p\ 2 J~ n . 
Since N = Z(G), it follows that G acts trivially on F X (A^,Q/Z), i.e. ^(iV, Q/Z) = 
ff 1 ^ Q/Z) G . 

On the other hand, iV = [G,G]. Hence H 1 (G/N, Q/Z) H l (G, Q/Z) is an 
isomorphism. Thus ■0' is an injection. It follows that the image of the restriction map 
ip : H 2 (G/N, Q/Z) -> # 2 (G, Q/Z) is a group of order p(^ 3 H(T)H = p n . 



Step 2. We will show that the image of i/j : H 2 (G/N,<Q/Z) -> # 2 (G, Q/Z) is 
contained in B (G). Assume it. The proof of this theorem is finished. 

For any bicyclic subgroup A = (x, y) of G, we will show that the composite map 

H 2 (G/N, Q/Z) ^ H 2 {G, Q/Z) ^ H 2 (A, Q/Z) is the zero map. 
Consider the following commutative diagram 

H 2 (G/N, Q/Z) ^ H 2 {G, Q/Z) ^ H 2 {A, Q/Z) 



•01 



H 2 (AN/N, Q/Z) ~ # 2 (A/A n AT, Q/Z) 



19 



where ipo is the restriction map, is the inflation map, ip is the natural isomorphism. 

We claim that AN/N is a cyclic group. Assuming this claim, we find H 2 (AN/N, 
Q/Z) = by |Kar| page 37]. Thus res oip — ipi o ip o ip — 0. 

It remains to show that AN/N is cyclic. 

Step 3. For any bicyclic group A = (x,y) of G, we will show that AN/N is cyclic. 
The proof is very similar to Step 3 and Step 4 in the proof of Lemma 2.2 of jHKKuj . 

Since G/N ~ C™ +3 , we regard G/N as a vector space over the finite field F p . Let 
x and y be the image of x and y in G/N respectively. Thus x = f| i y = Yli tff" 
where 1 < i < n + 3 and < Aj, /ij < p — 1 (we adopt the multiplicative notation for 
G/N). 

We will perform row operations on the matrix 

/ Ai A2 • ■ ■ A n+ 3\ 

y/il /i 2 • ■ ■ Hn+3 J ' 

In each row operation, the basis {a\, . . . , <r n+ 3} will not be changed. But we may 
replace the generators x, y. For example, if we replace /ii by ji\ — a\i by a row 
operation, then we replace of generator x, y by x, yx~ a . 

If AN/N is not cyclic, there will exist i, j with l<i<j<n + 3 satisfying that 

A = (x, y) C G and x = Ui< s <n+3 V = Uj<t<n+3 where < a s, h < P ~ 1, with 
the following property 

(1) ^ = bj = 1 and aj = 0. 

It follows that x = rL< s <n+3°t Su i' y = Ilj<t<n+3 a t tu 2 fc> r ^me Ux,u 2 e N. 
Since iV = Z(G), the identity xy = yx is equivalent to the following identity 

(2) [ n n ff M =i - 

i<s<n+3 J<t<^i+3 

Because ^(G) = [G, G], we find = z], [xy,z] = [x,z][y,z\ for any 

x,y,z G G. 

From (|2]), we obtain 

(3) n [<T h a t } aih - n [^,^] asfet " atbs =i 

j<t<n+3 i+l<s<t<n+3 

with the convention b i+ i = 6 i+2 = • ■ ■ = = 0. 

Suppose that i > 2. Note that iV ~ [G,G]/H may be regarded as a vector space 
over the finite field F p with basis {[cxi, a n+2 ], cr n+3 ], [a s , a t ] : 2 < s < t < n + 3}. 

It follows that ciibj = ctj&j+i = • • • = = 0. Hence bj = bj + \ = ■ ■ ■ = 6 n+3 = 0. 

But this is impossible because bj — 1 by From now on, we assume that i = 1. 
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Step 4. Assume that i — 1. Since [<7i, cr s ][cr s+1 , cr s+2 ] G .ff for 2 < s < n + 1, we find 
that [01, S ] = [o" s +i, o"s+2] _1 in G. Note that 6 n+2 = 6 n+3 = 0. Thus ([3]) becomes 

(4) n wt + i^t + 2]- bt ■ n [^,^ as6t ^ s =i- 

j<t<n+l 2<s<t<n+3 

Consider the term [o~j, o~ t ] for t > j + 2. We find that cij&t — atfy = 0. Since cij = 
and 6j = 1 by ([TJ, it follows that a t = for t > j + 2. 

In summary, we have shown that dj = Oj +2 = a j+3 = • • ■ = a n+3 = and b\ = b 2 = 
■ ■ ■ = bj-i = b n+2 = b n+3 = with a x = bj = 1. 

The identity ([2]) becomes 

n [^*ti bt - n i°s,v t r bt - n i^^r j+ibt = ^ 

j<t<n+l 2<s<j-l<j<Kn+l j<t<n+l 

(5) n ww™]-*- n \°sM aM - n = i- 

j<t<n+l 2<s<j-l<j<t<n+l j<t<n+l 

From ([5]), we find that a 2 = a 3 = ■ ■ ■ = a J+ i = 0. Thus bj = bj + \ = ■ ■ ■ = b n+ \ = 0. 
Again this is impossible because bj = 1 by ([T]). ■ 

Remark. When n = 1 in the above theorem, we obtain the group G of order p 9 
exhibited in the papers of Saltman and Shafarevich |Sa2l page 83; Sh, page 245]. 

Lemma 5.3 Let p be a prime number, ri\ > n 2 > • • • > nt, t > 2, T = (xi) x (x 2 ) X 
• • • x (xt) be a direct product of cyclic groups such that (x^ ~ C p «i for 1 < % < t. For 
1 < i < j < t, define a 2-cocycle fij : T x T — > (Q/Z where fij(x T , x J ) = C, n ^ where 
x 1 := x^Xg 2 • • - a;"', a; J := x h ^x h 2 2 • • - x\* and we adopt the multiplicative notation for 
Q/Z (z.e. regard Q/Z as t/ie group of all roots of unity in C x ). T/ien if 2 (r,Q/Z) is 
generated by the cohomology classes of these fij where 1 < i < j < t. 

Proof. See |Kar} page 37 and 91]. Here is a simple way to understand this lemma. 
Assume that t = 2. Construct the Schur covering group G of T by Theorem 15.11 
The central extension e : 1 — > (c) — > G — > T — > 1 where c = [01,02] is of order p U2 
gives the 2-cocycle f\ 2 . Explicitly, define a section \i : T — > G by ui^x 1 ) = a 1 where 
a 1 = c^a^ 2 if x 1 = x^x^ 2 . The extension defines a 2-cocycle by u(x r ) ■ u(x J ) = 
e{x I , x J ) ■ u(x I+J ). Using the fact that 2 T2 0i 1 = [01, a^^^a^a^ 2 , we can verify easily 
e(x I ,y J ) = /i 2 (x 7 ,x J ) for all J, J. ■ 

Theorem 5.4 Letp be a prime number, n be a positive integer. Let G = (01, 02, 03, 04) 
be the Schur covering group of the group T ~ defined in Theorem I5.il Let H be 

the cyclic subgroup of G generated by [01, 02] [03, 04] ■ Define G = G/H. Then B (G) 
contains a subgroup isomorphic to 7Ljp nr L. 
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Proof. The strategy is similar to that of Theorem 15. 21 We use the Hochschild-Serre 
5-term exact sequence. As in the proof of Theorem 15.2} define N = Z(G)/H C G. It 
is not difficult to show that the following is an exact sequence 

-> H\N, Q/Z) G ^ H 2 (G/N, Q/Z) ^ H 2 (G, Q/Z) 

and H X (N, Q/Z) G ~ (Z/p n Z) 5 , H 2 (G/N, Q/Z) ~ (Z/p n Z) 6 . Hence the image of V is 
isomorphic to Z/p n Z. 

Then we claim that ip(H 2 (G/N, Q/Z)) C B (G), i.e. the composite map H 2 (G/N, 

Q/Z) # 2 (G,Q/Z) ^ i/ 2 (A,Q/Z) is the zero map for all bicyclic subgroups 
A of G. Since if 2 (G/iV, Q/Z) is generated by the cohomology classes of /y (where 
1 < ^ < j < 4) constructed in Lemma I5.3[ it suffices to show that the image of each 
fij under the composite map becomes a coboundary. 

In conclusion, it remains to show that, for 1 < i < j < 4, res^ °^>(fij) is a cobound- 
ary for any bicyclic subgroup A = (x, y) C G. Remember that ip is the inflation map 
infg /7V . 

Step 1. Denote by &i, &2, 03, 04 the images of <7i, 02, 03, (74 G G in G/iV. Write a 1 
for the element a® 1 a?, 2 °~3 3 a 2 4 where I = (a 1; a 2 , a 3 , a 4 ) with < < p n — 1; similarly 
a 1 = a^a^a^al 4 . 

\i A = (x,y) C G is a bicyclic subgroup, then a; = cr J «i, ?/ = o J u 2 for some 
/ = (ai, a 2 , a 3 , a 4 ), J = (&i, &2, &3, 64) with < aj,6j < p n — 1, for some Wi,u 2 G N. 
Note that = yx if and only if [a 1 , cr J ] = 1. Expanding the commutator [cr 7 , cr J ] and 
using the definition of H, we find that [a 7 , a J ] = 1 if and only if 

(6) ciibj - djbi = (modp n ) for < i < j < 4 with (1, 2), (3, 4), and 

(7) a\b 2 — a 2 b\ = 0364 — a 4 &3 (modp n ). 

On the other hand, we can evaluate the 2-cocycle res^ °ip(fij) as follows. Without 
loss of generality, we may assume that A = (x) x (y) is a direct product. Thus every 
element in A can be written as x Cl y C2 for some non-negative integers c±, c 2 (unique up 
to the orders of x and y). If ci, c 2 , c?i, <i 2 are non- negative integers, then 

(8) res£ o^(/y)(x cl y C2 , x'V 2 ) = fi^ ClI+C2j , a dlI+d2j ) = (-(^+^b J )(d 1 a l +d 2 b t ) 
where C = Cp n - 

Step 2. Define a set £:={/ = (01,02,03,04) : < < p n — 1}. Define an 
order function ord(J) on S by ord(J) = max{c GNU {0} : p c divides ai,a 2 ,a 3 ,a 4 } if 
/ ^ (0, 0, 0, 0); if /= (0, 0, 0, 0) we define ord(J) = p n . 

Return to the bicyclic group A = (x, y) with x = o l U\, y = o- J u 2 where I = (ai, a 2 , 
a 3 , a 4 ) and J = (61, b 2 , b 3 , b 4 ), u x , u 2 G iV. 

If ord(J) — n — ord(J), then res^ o%fj(fij)(x Cl y C2 , x dl y d2 ) = 1 for all C\, c 2 , d\, d 2 by 
OH]), i.e. resQ oip^fij) is a coboundary and we are done. 
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From now on, we assume that at least one of ord(J) and ord(J) is < n — 1. 

Step 3. Without loss of generality, we may assume that ord(J) < ord(J) and 
e = ord(J) with < e < n — 1. Thus we may assume that p e \cii for 1 < i < 4, and 
p e+1 \ a\ (the case when p e+1 \ for other indices i can be treated similarly). 

If e > n/2, then res^ oip(f i j)( y x Cl y C2 ,x dl y d2 ) = 1 again by (JH]). Thus we may assume 
that e < n/2 from now on. 

We may also assume that hi = 0. Otherwise, replace the generator y by y ai x~ bl 
where ai = p e a[ and hi = p e b[. 

By ([()]), we find that 6 3 and 6 4 are divisible by p"~ e , because hi = 0. By ([7]) 6 2 is 
also divisible by p n ~ e . 

By ([8]) res^o^(/ ii )(x Cl y C2 ,x dl y d2 ) = £-<*&°ii , because e < n/2. 

Step 4. We will show that the 2-cocycle evaluated at the end of the last step is a 
2-coboundary. 

Consider the cyclic group Ai = (x) C A C G. Since if 2 (At, Q/Z) = by |Karj 

page 37], it follows that # 2 (G/iV,Q/Z) ^> # 2 (G,Q/Z) ^ H 2 (A U Q/Z) is the zero 
map. Thus res^ 1 oip(f i j)(x cl ,x dl ) is a coboundary for any non-negative integers c\,d\. 

On the other hand, we find that res^ 1 o^(/ i:) -)(x C1 , x dl ) = (^- c ^ a i a J a l so by (JE]). 
But this is a 2-coboundary by the previous paragraph. Thus there is a 1-cochain 
a : Ax — > <Q/1i such that 5(a)(a; Cl , x dl ) = Q~ c ^ a i°-j where 5 is the differential map from 
the group of 1-cochains to that of 2-cochains. 

Define a 1-cochain (3 : A -> Q/Z by (3(x Cl y C2 ) = a(x Cl ). It follows that 5(/3)(x cl ?/ C2 , 

■ 

Remark. In jCHKK] and |HKKu] . it is proved that, if G is a group of order p 5 where 
p is an odd prime number (resp. a group of order 2 6 ), then B (G) ^ if and only if G 
belongs to the 10-th isoclinism family (resp. G belongs to the 13-rd isoclinism family, 
i.e. G = G(2 6 ,i) with 241 < i < 245). For these groups G with B Q (G) ^ 0, it can be 
shown that B (G) ~ Z/»Z if G is of order p 5 , and B (G) ~ Z/2Z if G is of order 2 6 . 

The proof is similar to the proof in |HKKul Theorem 5.4]. For example, in the 
case when G is a group of order p 5 where p is an odd prime number, choose a 
normal subgroup iV = (fx, f 3 , / 4 , / 5 ) when G is the group defined in the proof of 
[HKKu, Theorem 2.3]. Apply the 7-term exact sequence of Hochschild-Serre [DHW; 
IHKKut Section 5]. Note that B (G) is a non-zero subgroup of H 2 (G, Q/Z)i while 
->• if 2 (G, Q/Z)i H\G/N,H\N,<§rE)) is an exact sequence. It is not difficult 
to show that H 1 (G/N,H 1 (N,Q/T)) ~ Z/pZ. Hence B (G) ~ Z/pZ. 
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